Published by Institute of Physics Publishing for SISSA/ISAS Received: July 4, 2002 Accepted: September 15, 2002

Dynamical noncommutativity

Andrzej Sitarz^∗

Laboratoire de Physique Theorique, Université Paris-Sud Bat. 210, 91405 ORSAY Cedex, France, and Institute of Physics, Jagiellonian University Reymonta 4, 30-059 Kraków, Poland E-mail: Andrzej.Sitarz@th.u-psud.fr

Abstract: We present a model of Moyal-type noncommutative algebra with timedepending noncommutativity parameter and the exact gauge invariant action for the U(1) noncommutative gauge theory. We briefly discuss the results of the analysis of plane-wave propagation in a regime of a small but rapidly changing noncommutativity.

Keywords: Differential and Algebraic Geometry, Non-Commutative Geometry.

∗Supported by Marie Curie Fellowship.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep092002034 /jhep092002034 .pdf

Contents

1. Introduction 1

2. Moyal deformation and its generalizations 2 2.1 The time-dependent noncommutativity 2

3. Klein-Gordon equation 4

4. Gauge theory 5

5. Physical effects in dynamical noncommutativity 6

1. Introduction

There are many arguments that the picture of smooth space-time should change when approaching the Planck scale. Similarly as in the case of classical and quantum physics, when classical limit is recovered from the quantum description for macroscopic objects, we are probably in a need of a similar approach to describe in a consistent way the quantum theory of gravity. Apart from the model-independent considerations, such as black hole formation limits in quantum mechanics [1] leading to uncertainty relations for spacetime coordinates, there are interesting models in which noncommutativity appears explicitly (see [2] and reviews [4, 5] for an exhaustive list of string-related references).

It should be stressed that there is more to noncommutative geometry than the particular type of the Moyal deformation, which appears in the above mentioned string-motivated theories. In particular, quite appealing are the appearances of finite noncommutative geometry in the Standard Model, where the Higgs field is recovered as the connection field in the finite-geometry [6]. Matrix geometries like fuzzy manifolds are another possibility both as approximations or effective geometries at some energy scales [7]. On the other hand, quantum deformations (see, for instance, [8] for a review of links with physics) offer a vast realm of models with well-defined deformations of symmetries.

In this paper we shall suggest a simple model, which extends the idea of a static or a global noncommutativity towards the time-dependent or a local one. Clearly, in general, such models will not provide an effective description of a flat space time. However, we believe that while considering real physical models, which are not static, like, for example, in cosmology, in black hole formation or even particle interactions, we need to consider a possibility that the effective noncommutativity, which might arise in the picture could be as well space- and time-dependent.

– 1 –

2. Moyal deformation and its generalizations

We shall begin by recalling different formulations of the Moyal deformations of R^4 (though clearly it could be realised in any dimension).

On the level of generators the algebra could be described as defined by (selfadjoint, at least formally) generators x^μ and relations:

[x^μ, x^ν ] = iθ^{μν} , (2.1)

where θ^{μν} is a real, constant, antisymmetric matrix. This provides an algebraic description, though restricts it, basically, to the polynomial algebra. Therefore, it is more convenient to consider the deformation on the level of smooth (C^∞) functions, where it becomes a nonlocal deformation of the usual product on the vector space of functions: f(x) ∗ g(x) = e^{12 i∂xμ θμν ∂yν} f(x)g(y)_{|x=y} . (2.2) Although for practical reasons one works mostly with smooth functions we may as well find out [11] that the deformation is defined as well for the continuous (and bounded) functions, using oscillatory integrals: f(x) ∗ g(x) = ∫ R^4 ∫ R^4

d^4z d^4y f(x + θ(z))g(x + y)e^{2πi(y·x)} . (2.3)

where θ(z) = θ^{ij}z_j and x · y is the standard scalar product of two vectors.

It is a nice exercise that both (2.2) and (2.3) give (2.1) when applied to monomials. The differential structures remain almost the same as in the undeformed case, in fact one can extend the linear isomorphism between the deformed and undeformed functions onto the entire differential complex.

2.1 The time-dependent noncommutativity

It was observed [2, 3] that in the string theory the effective geometry of space time generated by strings in the background of a constant B-field yields the Moyal deformation. As this corresponds to a flat brane embedded in a flat background space one may ask what picture might arise from considering curved branes or curved backgrounds. The modifications of the Moyal star product in this case were studied in details in [9], where the it was shown that in the topological limit the deformation is given by the Kontsevich star product in the symplectic case or by the nonassociative version of the product in the most general situation: f ∗ g = f g + 1 2 α^{ab}∂_af ∂_bg − 1 8 α^{ac}α^{bd}(∂_a∂_bf)(∂_c∂_dg) − − 1 12 α^{ad}∂_dα^{bc}(∂_a∂_bf ∂_cg − ∂_bf ∂_a∂_cg) + O(α^3) , (2.4)

where α^{ab} depends on the combination of B and F fields on the brane [9]. Generally the deformation (2.4) is quite complicated, however, there exist some special cases in which the modification of the commutation relations is minor.

– 2 –

One of the simplest possible models arises when we assume that α^{ab} depends only on one variable and, in addition, its component in this direction vanishes: α^{ab}∂_bα^{cd} = 0 . A particular solution of this condition is:

α^{μ0} = α^{0μ} = 0 , ∂_iα^{jk} = 0 ,

which leads to the construction of a time-dependent noncommutativity of space coordinates: [x^i, x^j ] = iθ^{ij}(t) , [x^i, t] = 0 , (2.5)

where θ^{ij}(t) is a smooth funcion of t valued in antisymmetric real matrices. For arbitrary smooth functions (identified as elements of the vector space of the deformed algebra) the product could be written as: f(x) ∗ g(x) = e^{12 i∂xi θij (t)∂yj} f(x)g(y)_{|x=y} . (2.6) It could be argued that such ”dynamical noncommutative manifolds” are as good object as the normal manifolds or deformed ones [12]. They might give an insight as to whether noncommutavity could be treated within nontrivial dynamical systems and whether it might have evolved with the cosmological evolution or, for instance, it could accompany the creation of black holes.

Let us consider functions on R^4 , which, satisfy (for the polynomials) have the commutation relations (2.5). In our case, when we consider a general construction, the function θ can a priori be arbitrary, in particular, it could interpolate between the highly noncommutative and commutative regime.

What changes in comparison with the θ = const case is the differential calculus: t dx^i = dx^i t , x^i dt = dt x^i , [x^i, dx^j ] = ( 1 2 iθ̇^{ij} + A^{ij}(t) ) dt , (2.7)

where A^{ij} = A^{ji} is any symmetric matrix. The change is only on the level of commutations between the forms and the functions, as the products of the generating forms do not change at all:

dx^μ dx^ν + dx^ν dx^μ = 0 . (2.8)

The commutation rules between differentials and the arbitrary functions are: f(x) dx^j = dx^j f(x) + ( 1 2 iθ̇^{ij} + A^{ij} (t) ) (∂_if(x)) dt . (2.9)

– 3 –

We use the usual R^4 partial derivatives ∂_μ, however, note that due to noncomutativity (2.6) they no longer must obey the Leibniz rule, in particular we observe that:

∂_t(f ∗ g) = (∂_tf) ∗ g + f ∗ (∂_tg) + ( 1 2 iθ̇^{ij} + A^{ij} (t) ) (∂_if) ∗ (∂_j g) . (2.10)

As a final remark of this section let us observe that the standard conjugation on the vector space of complex-valued smooth functions on R^4 is still a well defined conjugation of the deformed algebra, i.e.:

(f ∗ g) = ḡ ∗ f̄ , (2.11)

and that it extends on the differential algebra so that all dx^μ are selfadjoint.

It is easy to see that the considered time-dependent deformation have the same trace (integral) as the usual one, therefore we shall have: ∫ f ∗ g = ∫ d^4x f(x)g(x) . (2.12)

and ∫ (∂_μf) = 0 . (2.13)

Note that in the commutation relations for differentials there are two terms of different origin: the derivative of θ^{ij}, which is connected to the dynamical deformation of space-time and the term proportional to an arbitrary symmetric matrix A^{ij}(t). The latter is in no way related to our deformation, hence we shall put A^{ij} (t) = 0 throughout the rest of this paper.

3. Klein-Gordon equation

Although there is no natural Hodge star on the differential algebra, which we have constructed in the previous section (at least not as a bimodule map, still a left-module Hodge map exists and is a straightforward generalisation from the undeformed case) we have a natural metric understood as a bimodule map

g : Ω^1(A) ⊗_A Ω^1(A) → A ,

given by (for instance): g(dx^i, dx^j ) = −δ^{ij} , g(dx^i, dt) = 0 = g(dt, dx^i) , g(dt, dt) = 1 . Then we might consider the dynamical scalar field action of the form

S_Φ = ∫ g(dΦ, dΦ^∗) = ∫ η^{μν} (∂_μΦ)(∂_ν Φ)^∗ , (3.1)

where η denotes the tensor components of the above defined flat Minkowski metric (+, −, −, −). The resulting wave equation is formally the same:

η^{μν} ∂_μ∂_ν Φ = 0 . (3.2)

though we must take into account that ∂_t is not a derivation.

– 4 –

It appears, however that on functions, which depend only on linear functions of spatial coordinates, that is: f = f(t, k_ix_i) all partial derivatives are derivations, we verify it explicitly on (k_ix_i)^2: ∂_0(k_ix_i)^2 = 1 2 θ̇^{ij}k_ik_j = 0 ,

because θ is antisymmetric. Extending the results on all polynomials (by induction) we might conclude that the canonical solution of the Klein-Gordon equation on the dynamical noncommututative deformation, which we present is the same as in the undeformed case Φ = Φ(k_μx^μ) for any null vector k_μ, k^2 = 0.

4. Gauge theory

The principal change in noncommutative gauge theory is the appearance of gauge-field self-interaction terms (nonlocal from the commutative point of view) for the U(1) gauge field theory. A noncommutative gauge connection is an antiselfadjoint one-form A_μdx^μ, for which the gauge strength field is F = dA + A A.

First of all, unlike in the commutative case the components of the gauge potential shall not be imaginary functions: this shall remain true only for the spatial components, whereas the time component shall be composed of an arbitrary imaginary field and have a part depending of the other fields:

A_0 + (A_0)^∗ = 1 2 iθ̇^{ij}(∂_iA_j ) . (4.1)

Moreover, in the case of time-dependent noncommutativity we have, in addition to the appearance of the usual nonlinear terms, the problem of the proper definition of the gauge invariant Yang-Mills action.

Since, due to (2.9) functions do not commute with differentials, the rules of gauge transformations for the components of the field strength are:

F^′_{ij} = U^† ∗ F_{ij} ∗ U , (4.2)

F^′_{0i} = U^† ∗ F_{0i} ∗ U + 1 2 iθ̇^{kj}U^† ∗ F_{ij} ∗ (∂_kU) , (4.3)

where

F_{ij} = ∂_iA_j − ∂_j A_i + [A_i, A_j ] , i < j ,

F_{0i} = ∂_0A_i − ∂_iA_0 + [A_0, A_i] − 1 2 i ( θ̇^{mn}A_n ∗ (∂_mA_i) ) . (4.4)

Clearly, F_{ij} F^{ij} remains gauge covariant but F_{0i}F^{0i} is not. However, let us observe that we can easily find a gauge covariant expression ~F_{0i}: F_{0i} − 1 2 iθ̇^{kj}F_{ij} ∗ A_k . (4.5) The additional term transforms like: 1 2 iθ̇^{kj} ∗ U^† ∗ F_{ij} ∗ A_k ∗ U + 1 2 iθ̇^{kj} ∗ U^† ∗ F_{ij} ∗ (∂_kU) ,

– 5 – and exactly cancels the corresponding additional term in the transformation rule of F_{i0}. Then the term, which would contribute to the gauge-invariant action, ~F_{0i}, reads:

~F_{0i} = ∂_0A_i − ∂_iA_0 + [A_0, A_i] − 1 2 iθ̇^{kj} (F_{ij} ∗ A_k + A_j ∗ (∂_kA_i)) .

Finally, we can propose the gauge invariant action: S = ∫ ∑ i<j (F_{ij} ∗ F^∗_{ij} ) − ∑ i ( ~F_{0i} ∗ ~F^∗_{0i}) , (4.6)

which, in addition to the standard terms of classical electrodynamics contains the corrections resulting from the dynamical character of noncommutativity of space. We shall analyse these corrections in more detail for the example of plane-waves.

5. Physical effects in dynamical noncommutativity

In this section we shall briefly discuss the potential observable physical consequences of the dynamical noncommutativity. In what follows we shall always assume that the parameter θ, which determines the strength of noncommutativity is negligible, however, its time variation is not. Therefore we shall skip all the terms proportional to θ and keep only the lowest order corrections in θ̇. This corresponds to the intuitive picture of short rapid “bursts” of noncommutativity in the past history of the universe. We shall concentrate on small perturbations to the propagation of electromagnetic waves caused by such events, using the earlier derived action (4.6) and assuming that the gauge potential is of the plane-wave form.

First, note that we have to take into account the nonlinear form of the anti-selfadjoint condition (4.1), thus leading to: A_i = ip_if(ωt + k_ix^i) , A_0 = ip_0f(ωt + k_ix^i) − 1 4 θ̇^{ij}(k_ip_j)f^′(ωt + k_ix^i) . (5.1)

where p_μ, k_i are fixed (real) vectors and ω is a (real) constant.

For the components of the field strength we have:

F_{0i} = i(ωp_i − k_ip_0)f^′ + 1 2 if ∗ f^′θ̇^{jk}(k_j p_kp_i) + 1 4 f^{′′}θ̇^{jk}(k_j p_kk_i) , F_{ij} = i(k_ip_j − p_ik_j )f^′ . (5.2)

The gauge-covariant term obtained as a correction of F_{i0} will be:

F̃_{0i} = F_{0i} − 1 2 iθ̇^{jk}k_j p_ip_kf^′ ∗ f = i(ωp_i − k_ip_0)f^′ − 1 2 iθ̇^{jk}k_jp_ip_k(f^′ ∗ f + f ∗ f^′) + 1 4 f^{′′}θ̇^{jk}(k_j p_kk_i) . (5.3)

– 6 –

The action for the plane-wave Ansatz reads: − ( ⃗k^2⃗p^2 + 2(ωp_0)(⃗k⃗p) − (⃗k⃗p)^2 − ω^2⃗p^2 − p^2_0⃗k^2 ) − ∫ (f^′)^2 − −2k_j p_k ( ω⃗p^2 − p_0(⃗k⃗p) ) ∫ θ̇^{jk}f^′ ∗ f^′ ∗ f +

+o(θ̇) , (5.4)

where we have omitted terms of higher order in θ̇, and we have used the trace property of the integral (2.12).

Let us concentrate for a while on the consequences of the additional term, which appears in the effective action for the electromagnetic plane wave. First of all, the lowest order local term for the self-interaction is of third order in the field A. It vanishes only if the wave is θ̇-polarised, that is if θ̇^{ij}k_ip_j = 0. Since the correction parameter is itself a function of time, of which we have assumed that its derivative is (relatively) significant we cannot treat the additional term as a constant modification, which might have modified the dispersion relation. Instead the highly nonlinear character of the term suggests rather that one would expect the dynamical noncommutativity to induce effects similar to these of nonlinear optics, and, in particular, the frequency doubling of electromagnetic radiation, which is, in principle, measurable.

Above, we have taken only the simple example based on the pure U(1) gauge theory in our model of dynamical noncommutativity, which we interpret as electrodynamic — to see whether there could be some observable consequences. As we can see, even on the pure classical level the answer is positive: dynamical noncommutativity adds some nontrivial corrections leading to nonlinear selfinteractions of electromagnetic potential, while still keeping the gauge invariance of the theory intact. Still, potentially even more interesting effects might appear on the level of interactions between light and matter, in particular, in the possible corrections to the atomic spectra coming from dynamical noncommutativity.

References

[1] S. Doplicher, K. Fredenhagen and J.E. Roberts, Space-time quantization induced by classical gravity, Phys. Lett. B 331 (1994) 39.

[2] N. Seiberg, E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032.

[3] V.Schomerus, D-Branes and deformation quantization, J. High Energy Phys. 06 (1999) 030.

[4] A. Konechny and A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, Phys. Rept. 360 (2002) 353 [hep-th/0012145].

[5] I.Y. Arefeva, D.M. Belov, A.A. Giryavets, A.S. Koshelev and P.B. Medvedev, Noncommutative field theories and (super)string field theories, hep-th/0111208.

[6] A. Connes, Noncommutative geometry and reality, J. Math. Phys. 36 (1995) 6194.

[7] H. Grosse, J. Madore and H. Steinacker, Field theory on the q-deformed fuzzy sphere. ii:

quantization, J. Geom. Phys. 43 (2002) 205 [hep-th/0103164].

– 7 –

[8] S.Majid, Quantum groups and noncommutative geometry, J. Math. Phys. 41 (2000) 3892. [9] L.Cornalba, R.Schiappa Nonassociative star products deformations for D-brane worldvolumes in curved backgrounds, Commun. Math. Phys. 225 (2002) 33.

[10] A.Cattaneo, G.Felder, Poisson sigma models and deformation quantization, Mod. Phys. Lett.

A 16 (2001) 179.

[11] M.Rieffel, Deformation quantization for actions of R^d, American Mathematical Society, 1993. [12] A. Sitarz, Dynamical noncommutative spheres, math-ph 0112042.

– 8 –